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13. 


ON THE THEORY OF LINEAR TRANSFORMATIONS. 


[From the Cambridge Mathematical Journal, vol. tv. (1845), pp. 193—209.] 


THE following investigations were suggested to me by a very elegant paper on 
the same subject, published in the Journal by Mr Boole. The following remarkable 
theorem is there arrived at. If a rational homogeneous function U, of the n™ order 
with the m variables æ, y..., be transformed by linear substitutions into a function 
V of the new variables, E, 5...; if, moreover, OU expresses the function of th 
coefficients of U, which, equated to zero, is the result of the elimination of the 
variables from the series of equations d,U —0, d,U —0, &c, and of course OV th 
analogous function of the coefficients of V: then 0V —E"..0U, where E is th 
determinant formed by the coefficients of the equations which connect z, y... with 
E, 9..., ^ and «—-(n—1)"—, In attempting to demonstrate this very beautiful property 
it occurred to me that it might be generalised by considering for the function U, n 
a homogeneous function of the n order between m variables, but one of the same 
order, containing m sets of m variables, and the variables of each set entering 
linearly. The form which Mr Boole's theorem thus assumes is 0V = Ej. E; ... E," .0U 
This it was easy to demonstrate would be true, if OU satisfied a certain system ú 
partial differential equations. I imagined at first that these would determine the functio 
OU, (supposed, in analogy with Mr Boole’s function, to represent the result of th 
elimination of the variables from d,,U=0, d „U =0,...d,,U =0,. &c) : this I afterward 
found was not the case; and thus I was led to a class of functions, including * 
a particular case the function 0U, all of them possessed of the same characteristi 
property. The system of partial differential equations was without difficulty replace! 
by a more fundamental system of equations, upon which, assumed as definitions, tl 
theory appears to me naturally to depend; and it is this view of it which I inten! 
partially to develope in the present paper. 


1 The value of a was left undetermined, but Mr Boole has since informed me, he was acquainted vit 
it at the time his paper was written; and has given it in a subsequent paper. 
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I have already employed the notation 


Ne ome a, 10290: afa RPG tor BEEN (1) 
a’, B y, à, 
a, p", y", 8", 


(where the number of horizontal rows is less than that of vertical ones) to denote 
the series of determinants, 


which can be formed out of the above quantities by selecting any system of vertical 
rows; these different determinants not being connected together by the sign +, or in 
any other manner, but being looked upon as perfectly separate. 


The fundamental theorem for the multiplication of determinants gives, applied to 
these, the formula 


| 4, BB toCedapa sd ace yoga qi Jog Jor ipl, An. to (3), 
Ira. B dae Ir, a’, ge. y, à, 
A”, 2 C", D^, a", B", y", 8”, 
ix PF 
where A ex Ee Sa eS. 


B =MB XB 4 X"8" +... 


A'—p&-- ua. + ual dup (4), 
B' 2 uB -- w B' + p" d on 


&c. 


and the meaning of the equation is, that the terms on the first side are equal, each 
to each, to the terms on the second side. 


This preliminary theorem being explained, consider a set of arbitrary coefficients, 
represented by the general formula 


TL LBS cds llam eh ee (6), 


in which the number of symbolical letters r, s,... is n, and where each of these is 
supposed to assume all integer values, from 1 to m inclusively. 


C. ll 
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Let as't’ a aiaa aa MESE (7) 


tt tt 


aa t 
represent the whole series, taken in any order, in which the first symbolical letter 
is a. Similarly, 


r ‘at’ 


n Mor 


LORS eL s ei oe, (8), 


the whole series of those in which the second symbolical letter is a, and so on. 


Imagine a function u of the coefficients, which is simultaneously of the forms 


tt Ee AOE ae Oe xo Eh canara creer (A), 
Es/$ oWUEEGRS 


T / / " n” 
E a EA PLES Lii m gr eos 
£/96/ prii MBA aes 


&c.; in which H, denotes a rational homogeneous function of the order p. The 
function H is not necessarily supposed to be the same in the above equations, and 
in point of fact it will not in general be so. The number of equations is of course =n. 


The function u, whose properties we proceed to investigate, may conveniently be 
named a “Hyperdeterminant.” Any function satisfying any of the equations (A), 
without satisfying all of them, wil be an “Incomplete Hyperdeterminant.” But, con- 
sidering in the first place such as are complete— 


Let rst... be a new set of coefficients connected with the former ones by a system 
of equations of the form 


Fab ui tk” Lat ood EE ao Makai) “or, tba Sapa (9), 


(where the r in Aj... is not an exponent, but an affix). 


Suppose % is the same function of these new coefficients that u was of the former 
ones. Then consider the first of the equations (A) and the equation (3), and writing 


L=| M, xà eeeeeeeeeeeeeem (10), 
| M, M, 
we have immediately the equation 
EP, 16 Ni. £n Tom e PS REI (11) 


Consider the new set of coefficients 


PEC soe phe T1452, N E o OAE eo ua FINE a 5d roe its anes (12), 
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and ü the analogous function of these; then, from the second of the equations (A) 
and the equation (3), and writing 


M diodes. | o 13. ELM EAE A (13), 
Hs, pè, | 
En du EO OU soos ca E AAN exE mdr hcm (14) 


In like manner, considering the new coefficients 7sí..., where 


TOES E FEL a F E Aa I. F P4 TS. Seder: een iue (15), 
the new function w, and the quantity V given by 
N = Vj, v, eco | eeoooeotesootooooooooeccootococso (16), 


a 2 
V3; Ve, 


we have, as before, 


a Macc EMENTA RIA. es ces etu arta tances (18) ; 


Consider now the function 
Mob orxe (Bo eil icin biatch o itr tid T (19), 


where the ZX's refer successively to r, s, t,..., and denote summations from 1 to m 
inclusively. If u be looked upon as a derivative from the above function, we may write 


Laeti EE i andi aiar an A «2 (20) 
Assume Bip = A Ly +g? Da oe F Ae! Dis 
Ys = Hs Yı + bs Yo weet ps" Ym XT A AS E EIE EE (21). 
It is easy to obtain 
22D... (rst... an t or (TRE RO e D) co a A QUE eee ial. e RR) 


and the formula for (u) becomes 
EES dp w Yoke) om PMNP a ODER (rst. vy) eese (B, 2). 


Proceeding to obtain the expression of the coefficients rst... in terms of thc 
‘vefficients rst..., we have 


> 


PSE vas dete is (Me Me Mae SOM Lee) eere EE (C), 
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where the s refer successively to f, g, h,..., denoting summations from 1 to m 
inclusively. Having this equation, it is perhaps as well to retain 


poer 110 en MERECE EDO (B, 1), 


instead of (B, 2), that form being principally useful in showing the relation of the 
function w to the theory of the transformation of functions. 


It may immediately be seen, that in the equations (B) (C) we may, if we please, 
omit any number of the marks of variation (), omitting at the same time the 
corresponding signs €, and the corresponding factors of the series Z, M, N... 


Also, if w be such as only to satisfy some of the equations (A); then, if in the 
same formule we omit the corresponding marks (), summatory signs, and terms of the 
series L, M, N ..., the resulting equations are still true. 


From the formule (A) we may obtain the partial differential equations 


/ d 
P5 c (ast ae WG, OF we. °° 1b Cauhsied ices (D), 
25... (rat... dk. -)u=0, or pu, 


according as a is not equal, or is equal, to £; 


and so on: the summatory signs referring in every case to those of the series r, s, b... 
which are left variable, and extending from 1 to m inclusively. 


To demonstrate this, consider the general form of w, as given by the first of the 
equations (A). This is evidently composed of a series of terms, each of the form 


cPQR ...(p factors), 


Li 


in which PEISE tani, OSs 59,0 BO Oa 


Q, R, &c. being of the same form; and we have 


d 
|o (ast... ESL -Ju- OR Se. (ast pen) P: &e MT 
/ en n " f Mr £74 
and pot NOR (ast hc g )P-= A Er S (m terms) 
\ ds... H 
as’ e ^ j as "6 , 
UN CERES 721 n 
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so that all the terms on the second side of the equation vanish. If, however, 8 =a, 


e (ast ... qe ) P =P; 


whence, on the second side, we have 


cQR ... P + cPR ... Q + &e.— p. cPQE ... + &. + &c. 
zpU. 


or the theorem in question is proved. 


In the case of an incomplete hyperdeterminant, the corresponding systems of 
equations are of course to be omitted. In every case it is from these equations that 
the form. of the function w is to be investigated ; they entirely replace the system (A). 


A very important case of the general sre: is, when we suppose the coefficients 


rst... to have the property 's't...-—7"8"t"..., whenever rst... and v"s"t"... denote 
the same combination of letters; and also hài the coefficients X are wa, to the 
coefficients u, v..., each to each. In this case the coefficients rst... have likewise 
the same property, viz. that Ts Ù”... — $1 ..., whenever rst... and r"s"t" ... denote 


the same combination of letters. 


The equations (B, 1), (B, 2), become in this case 


Bu DOPO dure esca et enean (B, 3), 
O 222.. dr Ay inis -rst . d. 4 pea c RT rst ... € i; ken 42: veli 4), 
[z BF ors Bale. E wedi an’ See 
where only different combinations of values are to be taken for r, s, ¢,... and 
a, B,... express how often the same number occurs in the series In the equation 


(C), m, v must be replaced by A, the equations (D) are no longer satisfied; the 
equations (A) reduce themselves to a single one, (so that there can be mo question 
here of incomplete hyperdeterminants): but this is no longer sufficient to determine 
the function sought after. For this reason, the particular case, treated separately, 
would be far more difficult than the general one; but the formule of the general case 
being first established, these apply immediately to the particular one’. The case in 
question may be defined as that of symmetrical hyperdeterminants, (a denomination 
already adopted for ordinary determinants). It would be easily seen what on the same 
principle would be meant by partially symmetrical hyperdeterminants. 


I have not yet succeeded in obtaining the general expression of a hyperdeterminant ; 
the only cases in which I can do so are the following: I. p=1, n even, (if n be odd, 
there only exist incomplete hyperdeterminants) II. p—2, m=2, n even. III. p=3, 
m=2, n=4. 


I. The first case is, in fact, that of the functions considered at the termination of 
a paper in the Cambridge Philosophical Transactions, vol. vill. part I. [12]; though at 
that time I was quite unacquainted with the general theory. 


1 See concluding paragraph of this paper. 
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Using the notation there employed, we have 


mm 


a complete hyperdeterminant when n is even; and when n is odd the functions 


+ + 
A bed Marke 11..5 (0) 
22 23 
nie wn 


are each of them incomplete hyperdeterminants. 


(A) In the case of n=2, the complete hyperdeterminant is simply the ordinary 
determinant 


bby 3S Se 
21. 32,..29m 


ml, m2,...mm | 


Stating the general conclusion as applied to this case, which is a very well known one, 


“Tf the function 
U = XX (rs. rs) 


be transformed into a similar function 
EX (T8. trys), 
by means of the substitutions 
Ly = N Ly Ag? ay uuo HA Em, 
Ys = ps Th - fa? Ya -+ Me” Ym; 
then 2 EE TTC LE AS rest: ie, "uu 331135. 73 
21, 22. iS ARM pub pè, 21! 92, 


Also, by what has preceded, 
78 — XX Qy'. uj f9); 


so that the theorem is easily seen to amount to the following one—“ If the terms of 
a determinant of the m™ order be of the form ZX,X,(rs.z,,9,.) 7, s extending as 
before, from 1 to m inclusively, the determinant itself is the product of three deter- 
minants; the first formed with the coefficients rs, the second with the quantities 7, 
and the third with the quantities y." 
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In a following number of the Journal I shall prove, and apply to the theories of 
Maxima and Minima and of Spherical Coordinates, (I may just mention having obtained, 
in an elegant form, the formule for transforming from one oblique set of coordinates 
to another oblique one) the more general theorem, 


“If k be the order of the determinant formed as above, the determinant itself 
is a quadratic function, its coefficients being determinants formed with the coefficients 
rs, its variables being determinants formed respectively with the variables z and the 
variables y; and the number of variables in each set being the number of combi- 
nations of k things out of m, (=1 if k=m; if k>m the determinant vanishes)." 


I shall give in the same paper the demonstration of a very beautiful theorem, 
rather relating, however, to determinants than to quadratic functions, proved by Hesse 
in a Memoir in Crelles Journal, vol. XX., ^ De curvis et superficiebus secundi ordinis;" 
and from which he has deduced the most interesting geometrical results. Another 
Memoir, by the same author, Crelle, vol XXVII., “Ueber die Elimination der Variabeln 
aus drei algebraischen Gleichungen vom zweiter Grade mit zwei Variabeln," though 
relating in point of fact rather to functions of the third order, contains some most 
important results. A few theorems on quadratic functions, belonging, however, to a 
different part of the subject, will be found in my paper already quoted in the Cambridge 
Philosophical Transactions [12]; and likewise in a paper in the Journal, Chapters in 
the Algebraical Geometry of n dimensions [11] 


I shall, just before concluding this case, write down the particular formula corre- 
sponding to three variables, and for the symmetrical case. It is, as is well known, the 


theorem, 
“E U=Ax?+ By + 02+ 2Fyz + 2Gaz + 2Hay 
be transformed into 
AE + Wy? + CH + 24d + 205£0 + 230 En 
by means of a=aF&+B n+y 6, 
y —« E+B oy 6, 
dá. a" E + "n 4- "6, 
then (ABC — AF- WEG? — € 3E» + 2 56538) = 
(aB "y" — aj" -- a' By — a! Bey" +a" Bo — a"B'y (ABC — AP — BG?— CH + 2FGH).” 
(B) Let n=8, and for greater simplicity m —2; write 
axi «b 
b=211,  f-212, 
c=121, g=122, 


d=221, h=222, 


80 that U — a ayyz, +b £Y + EY + d LY + 0 Y+ f LY + g Ya + h LYZ. 
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There is no complete hyperdeterminant (ie. for p=1), and the incomplete ones are 

ah — bg — cf +de=u, , suppose, 

ah — de — bg + cf = u,, í 

ah — cf — de + bg = u. 

Thus, suppose the transforming equations are 

@, =D 0$ +23 a, 
La = OM) dy + Dg? ds; 
h= p + He Yo 
Ya = id y+ Hs? Yo 
£M M» 8, 


Z4 — V 24+ v? 4; 


then ü, = (pm? ug — ud uj) (v) v? — v) v?) uy , where y, z are changed 
w, = (vr vy ai v v’) (i As — X Xj) wu, , » 2,2 
Ui, = (Mè AP — Ay! X) (a? fa? — n? pa?) w,,, n T, Y ” 


We might also have assumed 
u, =ad—be, or eh — gf, 
u, —af —be, or ch— dg, 
u,,=ag—ce, or bh — df, 


but these are ordinary determinants. 


(C n=4, m=2. a * 1111, 1 —1112, 
b 211], 7 =2112, 
c — 1211, k= 1212, 
d — 2211; | = 2212, 
e =1121, m=1122, 
f = 2121, n = 2122, 
g =2211, o = 2212, 
h = 2221, p= 2222. 
U=  AayyyZ,W, +b LYW + C EYU + A Y2 W 
+ 6 2 Zo Uy +f LYZ W + g LYW +h yz. ws 
Fd a yy 2 Wa +J 02) ZS + k vyaz ws + l LYW 


+ m EW +N LYZ Wa + 0 LYW + pP TrY2%q4Wr, 
we have 


u= ap- bo—cn+dm—el+fk+ gj— hi; 
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so that, with the same sets of transforming equations as above, and the additional one, 
w, = pW, + ps, 
Wn= pi, + pW, 
we have Bi = (MAP — NS) (uiu? — uiu?) (viv? — viv?) (pp? — Pèpè). wu; 
this is important when viewed in reference to a result which will presently be obtained. 
If we take the symmetrical case, we have 
U —aa* AB ay + Oy xy? + 40xy? + ey; 
which is transformed into 
U' =d x" + 4B ay + bya y + A0 4 + e^, 
by means of 


ware Ay, 

YENE t 
then, if u —ae—488 -3y', 
wu — ale — ARS + 9y^?, 

we have w = (Ap, — A, . u. 


IL Where p —2, m —2, n is odd. 


The expression 
u = 


e A ai 


2222 2222 


is a complete hyperdeterminant; and that over whichever row the mark (t) of nonper- 
mutation is placed. The different expressions so obtained are not, however, all of them 


independent functions: thus, in the following example, where n=3, the three functions 
are absolutely identical. 


T (n) 3111 (n) 
l N l í A " 


(A) n=8, notation as in I. (B). 
u=@h + Bg? + cf? + de? — 2ahbg — 2ahcf — 2ahde — 2bgcf — 2bgde — 2cfde + 4adfg + 4bech, 
and then “= (APA? A N42)? (7 m E m. us? (viv? zs vv? u. 


This is in many respects an interesting example. We see that the function u 
may be expressed in the three following forms: 


u = (ah — bg — of + de)? + 4 (ad — be) ( fg — eh).......... eese (1), 
u = (ah — bg — de + cf +4 (af — be) (dg — ch).............. (2), 
u — (ah — cf — de -- bg + 4 (ag — ce) (df — bh)..................... (3), 
C 12 
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which are indeed the direct results of the general form above given, the sign (+) 
being placed in succession over the different columns: and the three forms, as just 
remarked, are in this case identical. 


We see from the first of these that u is of the second or third, from the second 
that u is of the first or third, from the third that u is of the first or second of the 
three following forms: 


u= H, || a, b, c, d 
LAE AT W 


which is as it should be. 


, w= HH, 


a,c, €, g |, 
b d, f h 


a, b, e, f ||, H, 
c,d,g,h erae 


The following is a singular property of w. 
, 14 , , 
Let a =37, v=} "dese K=} T’ 


then, w’ being the same function of these new coefficients that u is of the former ones, 
w =u. 
To prove this, write 
p=ah—bg—cf+de, q-(ad—bc) r=eh—fy; 
a, — ap — 2¢e, e, =— 2ra + pe, ` 
b =bp— Qf, f,=—2rb+pf, 
¢,=cp—2q9, 9,=— 2rc pg, 
d,=dp—2qħ, h,=—2rd+ph; 
we have, as a particular case of the general formula just obtained, 
u, = (P— 4qr?u-w.u =w. 
Also a,= kK, é= d, 
b=-g, f,=-¢, 
¢o=—f, g,2-V, 
d= e, ,— a; 
whence u,=w’, that is w — w*. 
There is no difficulty in showing also, that if a", 6”,...h” are derived from 
a’, b’...h’, as these are from a, b, ... h, then 
a wa, b’ =u%d,...h” = wh. 
The particular case of this theorem, which «corresponds to symmetrical values of th 


coefficients, is given by M. Eisenstein, Crelle, vol. xxvir. [1844], as a corollary to his 
researches on the cubie forms of numbers. 


Considering this symmetrical case 
U = aa? + 3a*y + 3yæy? + òy’, 
u = 0&8? — 6adBy — IB + 4875 + 4o*yy, 
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so that if U be transformed into 
"fn c» a a3 i 38'a^ y + Sy'z' y^ E oy’, 


by means of c=ra+py, 
yY =r + my, 
then if w =a" — bd Ò By’ — 3/8 y? + 48S’ + 40/n/, 
we have w = (Xp, — Xp). U. 
III. p=3, m=2, n=4. 


Notation as in I. (C), 

u=A (A+ 338 + 3C + 6D + 6G) — B (C +B — 3€ — F + 2G + 838), 
where A, B are arbitrary constants, and £X, 38, &c.... 1H are functions of the coefficients, 
given as follows :— 

A = ap? — b- ci? + d?n? — el + f*le + go? — he’. 

38 —— a*p*bo + boap + cdm — dmon + elfk — feel — ghphi + hgj 
— apen + Bodm + enap — dmbo + ebgj — frk*hi — ghyel + Wefk 
—a@pe + Uofk + cg) — dmhi + elap — f'kbo— g'ycn-- hv dm 
—aphi + Bog + cenfk — dmel + &Pdm — fk cn — g'jbo + krap. 

C=+a%p'dm — boen — enbo + dmiap — ebhi + Pegi + gfk- hd 
+apfk — boel — enhi + dmg — eltbo + fap + gdm — kicn 
+apg — Doi — ewel + dm fk — elen + f'kdm + gap — hbo. 

D =apboen — apbodm — apcndm + bocndm — elfkgj +elfkhi +elgjhi — higgfk 

+apboel — apbo/k —cndmgj +dmenhi — elf kap + elfkbo + gjhicn — higjdm 
— apbogj +apbohi + cndmel — dmenkf + elfken — elfkdm — gjhiap +- higjbo 
+ apenel — bodmfk — cnapgj + dmbohi — elgjap + f khibo + gjelen — hifkdm 
— apcnfk + bodmel +cnaphi — dmboel + elgjbo — fkhiap — gjeldm + hitken 
— apdmel + bocnkf' -- cmbogj —dmaphi+elhiap — fkgjbo — gifken + hidmel. 
@ = apdmjk — bocnel — bocnih + dmapgj — elhibo + fkapgj + gijfkdm — hielen. 
jf =aphjo — Ugoip — enfim + demkn — edlkn + f*ckml + g*bjpi — h®aijo 
— ?phbg + jogah + k*nfde — Pmecf + mildcf — nickde — o?bjah + p'aibg 
+ aphkn — Ugolm — enfip + d'emjo — edljo + f*ckip + gbjpl — h®aink 
—ťphef + jogde + k*nfah —Pmebg + mildbg — nickah — o'bjde + p’atef 
+aphlm — b’gokn — enfjo + d'emip. — eldpi + f?ckjo + g?bjuk — h?aiml 
— Pphde --j'gocf + knfbg — Pmeah + m*dlah — w?ckbg — o'bjof + paide 
+ a?pdno — b’empo — cbpmn + d'aomn — ehjkl + frgilk + gflij — kekji 
—Vvifgh -jkehg +kyhef —Pigfe + m*pbcd — h?aode — o*ndab + p*mbca 
+a%plng — bhkmo — c'ejpn + @fiom — eepjl + f?doik + g'anlj — h*bmki 
— Podfh --jpceg + k*mhbf — Pnage + mkhbd — wilgac — o*ifbd + p*ieca 
+aplfo — bekpo — c'hjmn + dgimn — ebpkl + f?aolk + g^dnij — hemp 
—vndgh + jmchg + k*pbef — Poafe + m?jhcd — wgcd — o'"lfab + p*keba. 
12—2 
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Gi = apbgkn — boalhm — cndiep + dmejfo 


—thjocf + gjidep + kflamh — lekbng 
+ apbglm — boahkn — cndejo + dmefip 
—thjode --güpcf + kflmbg — leknah 
+apeflg — bojehk — cnjehk + dmilgf 
—thadno + gjbmcp + kfcbpm — eladno 
+ apcflm — bodkne — cnahjo + dmbgip 
—thknde + mdahjo + kfipbg — bocfml 
+ apidng — bojemh — cnbkpe + dmaflo 
—thaflo + gjbkpe + fkejhm — elidng 


+apidfo — bojcep —nbkhm + cdmalng — elmnbk 


—thalng + gjkbmh + fkcjpe — elidfo 


I = ahon?) — bpgmk — cpfmj + donie 


—@pdfg + foech + k*nbeh — Pmafg 


we have, as usual, 
E» = (AZ eT NAT ( [nl bee? es pa pat yl (v? v? =", Va a ( pi ps Eno pip y U. 


Particular forms of U are 


A=1, 


A=1, 


B=0: 


—elfocy + fkpied + gjhmla— ignbk 
+ mdnbkg — nemhal — obpied + paofjc 
—elefip + fkedoj + gjhakn — hibgml 


+ mdknah — ncmlbg — obpicf + paojde . 


—elmpbe + fkadno + gjadno — hipmeb 
+ mdjehk — neilfg — obilfg + pahejk 
— elbgip + fkahjo + gjednk — hicfml 


+ gjcfml — ncpigb — leahjo + paknde 
— fkidng + gjaflo — ihbkpe 
— cnaflo — boidng + pahmej 
— fkalng + gjidfo — — ihpecj 
+ mdjcep — ncidfo — obalng + pahmbk. 
— edpkj --f"lco + gblmi — Mamkj 
+mblch — m?kadg — o*jadf + prbec: 


— elmhjc 
+ mdbkpe 


[13 


u=@+ 338 + 3C + 6D + 602 = (ap — bo — cn + dm — el + fk + gj — hi}, =v suppose. 


B=9: 


u = A + 38 — 6C — 33D + 3302 + Off — 186% — 2738, = 0U suppose, 


where 0U —0 is the result of the elimination of the variables from the equations 
d,,U —0, dy U=0, d4U 20, d,,U-0, dz,U=0, d,U=0, d,U=0, dy,U=0. In fact, by 
an investigation similar to Mr Boole’s, applied to a function such as U, it is shown 
that OU has the characteristic property of the function u: also in the present case 
u is the most general function of its kind, so that OU is obtained from U by 
properly determining the constant. This has been effected by comparing the value o 
u, in the symmetrical case, with the value of 0U, in the same case, the expanded 
expression of which is given by Mr Boole in the Journal, vol Iv. p. 169. Assuming 
A —1, the result was B=9. [Incorrect: the result of the elimination is not 9U= 
but an equation of a higher degree.] 


The general form of u now becomes 
u — ay? + 80U, 


in which a, 8, are indeterminate. 


We have 


where 


u=ar+ BOU = M (av? + BU), 


M = QUAM? — X29? (uiu? — fal uy (riv? — viv?) (pp? — palp,’)’. 
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and thence » = My, 


which coincides with a previous formula, and 


oÜ = MOU: 
whence. eliminating M, 

eU eU 

yo P| 


an equation which is remarkable as containing only the constants of U and U: it is 
an equation of condition which must exist among the constants of U in order that 
this function may be derivable by linear substitutions from U. 


In the symmetrical case, or where - 


U — azt + 4Bary + yxy? + 48x? + eyt, 
it has been already seen that v is given by 
v = ae — 488 + 3y. 
Proceeding to form 0U, we have 
A = abe? — 4875? + 95, 
I = 4 (aeB2S — a?e88 + 3? 8*8 — BBS), 
© — 3 (ey + 25 + aey — A81), 
D = 6 (acè — 2aeB&y? + IP — 288), 
G@ —3aey! — 4898? + y, 
P = 6 (Wo ye + ya — 28*ey8 — 2WiaBry — APP. + 4. BSy* + e Be + yad), 
Gi = 12 (aeBSy? — aBryS? — ey5B? + yad + ee? + Byt — 2878), 
1D = (WS! + e8* — 4B er? — tayè + 68770), 
and these values give 
OU = ae? — bake — 1202 Bde? — 18a%y*e? — 2707S! — 27 B*e? + 368?n8? + 54 yde + 54 a ye? 

— SAary dS? — 54B'«*e — 6485? + 8layte + 108aByd? + 1U8B*yS_e — 1804By se, 
so that this function, divided by (ae — 485+ 3y}, is invariable for all functions of the 
fourth order which can be deduced one from the other by linear substitutions. The 
function ae — 488+ 3y? occurs in other investigations: I have met with it in a problem 
relating to a homogeneous function of two variables, of any order whatever, a, B, y, 8, € 


signifying the fourth differential coefficients of the function. But this is only remotely 
connected with the present subject. 


Since writing the above, Mr Boole has pointed out to me that in the transform- 
ation of a function of the fourth order of the form ast + 4ba%y + 6ca*y? + 4day? + eyt, — 
besides his function Ou, and my quadratic function ae — 4bd + 3¢°,—there exists a function 
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of the third order ace — be — ad’ — c? --2bde, possessing precisely the same characteristic 
property, and that, moreover, the function @u may be reduced to the form 


(ae — 4bd + 3c? — 27 (ace — ad? — eb? — e 9bdcy ; 


the latter part of which was verified by trial; the former he has demonstrated in a 
manner which, though very elegant, does not appear to be the most direct which the 
theorem admits of In fact, it may be obtained by a method just hinted at Ly 
Mr Boole, in his earliest. paper on the subject, Mathematical Journal, vol 1. p. 70 
The equations d;'u—0, d,dju —0, d u=0, imply the corresponding equations for the 
transformed function: from these equations we might obtain two relations between the 
coefficients, which, in the case of a function of the fourth order, are of the orders 3 
and 4 respectively: these imply the corresponding relations between the coefficients of 
the transformed function. Let 4 —0, B=0, A’=0, B’=0, represent these equations; 
then, since A —0, B —0, imply A’=0, we must have A’=AA’+MB, A, M, being 
functions of X, A', p, &c. w: but B being of the fourth order, while A, A’ are only of 
the third order in the coefficients of u, it is evident that the term MB must disappear, 
or that the equation is of the form A'— AA. The function A is obviously the function 
which, equated to zero, would be the result of the elimination of z?, zy, y*, considered 
as independent quantities from the equations aa*+2bay+cy*=0, ba* + 2cxy + dy! — 0. 
ca*4-2daw +ey*=0, viz. the function given above. Hence the two functions on which 
the linear transformation of functions of the fourth order ultimately depend are the 
very simple ones 


ae — 4bd + 39, ace — ad? — eb? — c? + 2bde, 


the function of the sixth order being merely a derivative from these. The above 
method may easily be extended: thus for instance, in the transformation of functions of 
any even order, I am in possession of several of the transforming functions; that of th 
fourth order, for functions of the sixth order, I have actually expanded: but it does not 
appear to contain the complete theory. Again, in the particular case of homogeneous 
functions of two variables, the transforming functions may be expressed as symmetrical 
functions of the roots of the equation w- 0, which gives rise to an entirely distinc 
theory. This, however, I have not as yet developed sufficiently for publication. , Ther 
does not appear to be anything very directly analogous to the subject of this note, i 
my general theory: if this be so, it proves the absolute necessity of a distinct investi 
gation for the present case, that which I have denominated the symmetrical one. 
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